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Abstract

Recent advances in the theory of X-ray absorption ®ne structure (XAFS) are reviewed. Modern ab initio multiple-scattering

(MS) calculations now provide an accurate, uni®ed treatment of XAFS, encompassing both EXAFS (extended-XAFS),

NEXAFS (near-edge XAFS) and XANES (X-ray absorption near-edge structure). Combined with multi-path analysis

techniques, such calculations now permit accurate structural determinations well beyond the ®rst near-neighbor. These

calculations also describe near-edge features such as �* shape resonances and white lines. Implications for catalyst research

are brie¯y discussed. # 1998 Elsevier Science B.V.
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1. Introduction

In recent years advances both in theory and analysis

methods have revolutionized the technique of

extended X-ray absorption ®ne structure (EXAFS)

for local structure determinations [1]. EXAFS refers

to the oscillatory structure in the X-ray absorption

coef®cient beyond about 50 eVof threshold, where the

photoelectron backscattering responsible for this phe-

nomenon is relatively weak. EXAFS analysis is no

longer limited to ®rst neighbors, and distance deter-

minations are now often comparable in accuracy to

those from X-ray diffraction measurements. Signi®-

cant progress in understanding the near-edge X-ray

absorption ®ne structure (NEXAFS) has also been

made. NEXAFS refers to ®ne structure, such as �*

shape resonances, in the continuum within about

50 eV of threshold where strong multiple-scattering

contributions can be important. Curved-wave multi-

ple-scattering (MS) theory now provides a uni®ed

treatment of both EXAFS and near-edge structure,

hence the simpli®ed term X-ray absorption ®ne struc-

ture (XAFS) [2]. Often a high-order MS treatment can

also describe the X-ray absorption near-edge structure

(XANES), i.e., the often intense features within about

10 eV of threshold, such as `̀ white lines'', which are

due to peaks in the local density of states. In this paper

we review these advances. In particular we discuss

modern MS calculation methods, and the information

content in XAFS, by concentrating on the main results

with a minimum of technical detail. We also brie¯y

comment on the applicability of the technique to

catalysis studies, and refer the reader to more com-

prehensive reviews, e.g., [3] for further details and

references.

The ®rst quantitative calculations of EXAFS were

carried out in the 1970s [4], following the pioneering

theoretical work of Lee and Pendry [5] and others. For

several years thereafter, theoretical calculations for

EXAFS analysis were based on the plane-wave
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approximation (PWA) with tabulated scattering ampli-

tudes and phase shifts. These approximations often

gave results inferior to those obtained from empirical

`̀ standards''. Moreover, due to the importance of MS

corrections, results beyond the ®rst coordination shell

were often unreliable. All this has changed dramati-

cally in recent years. Together with modern synchro-

tron radiation sources and a number of key theoretical

developments, the technique of XAFS is now both

competitive with and complementary to other high

precision structural methods such as X-ray diffraction

(XRD). For some complex and disordered materials,

XAFS is the superior method for local structural

determinations, and is therefore of particular import-

ance for catalyst studies.

Recent theoretical developments have led to a fast

high-order MS approach for XAFS calculations in

arbitrary systems. In particular we have found that

XAFS at all energies is well described by a path-by-

path MS approach, with a limited number ± typically

of order 102 ± of important paths. Our discussion here

reviews these results, but is not meant to be a com-

prehensive review; details are described in a recent

series of papers devoted to XAFS theory [2,6,7]. This

approach has been incorporated into ef®cient ab initio

codes FEFF that now include XANES calculations

with full elliptical polarization dependence (FEFF

version 6) [2]. These codes are highly automated

and intended to be `̀ user friendly'', requiring a mini-

mum of input and thus ensuring reliable results. In

parallel developments, new EXAFS analysis proce-

dures have been devised which are compatible with

this MS path approach. These include novel auto-

mated background removal methods [8] and new

®tting codes [9,10] which permit re®nement of struc-

tural parameters from the MS path data. FEFF has also

been adapted for studies of diffraction anomalous ®ne

structure (DAFS) [11] and X-ray magnetic circular

dichroism (XMCD) [12] and similar techniques can be

used in photoelectron diffraction (XPD) [13].

2. Unified MS XAFS, NEXAFS and XANES
calculations

It suf®ces to give here only a brief overview of the

basic formulae, as the MS theory of XAFS [5,6] is now

well established. Thus we concentrate in this paper on

the key theoretical developments that make modern

theoretical calculations possible. The normalized

XAFS is de®ned as ��(�ÿ�0)/�0, where � is the

X-ray absorption coef®cient for a given X-ray energy

E and polarization ~�, and �0 is the smooth atomic-like

background (see our paper [4] for a more detailed

discussion). Formally, the calculation of � is given by

Fermi's golden rule

���̂� �
X

f

j cj�̂ � rjfh ij2��E ÿ Ef �; (1)

where E��h!ÿEc is the photoelectron energy, ~� is the

X-ray polarization vector, and the sum is over un-

occupied ®nal states calculated in the presence of the

core-hole. Instead of calculating ®nal states, which is a

computational bottleneck, it is equivalent and much

faster to reexpress the equation for � in terms of the

photoelectron Green's function or propagator G(E). In

turn G(E) can be reexpressed formally as a sum over

all MS paths that the photoelectron can take away

from the absorbing atom and back [5]. When carried to

all orders (full MS), this theory is equivalent to

`̀ exact'' treatments. For example, for a small cluster,

the sum can be taken to all orders by matrix inversion.

However, due to the large dimension of the matrix,

such calculations are computationally intractable

beyond 50±100 eV of the absorption edge [15,16].

2.1. Curved-wave scattering theory

One of the key theoretical developments is an

ef®cient curved-wave scattering theory. Due to

curved-wave effects, exact calculations of MS con-

tributions are time-consuming and have only been

carried out for a few low-order MS paths [17]. To

overcome this bottleneck, we have devised an ef®cient

method for curved-wave MS calculations based on the

Rehr±Albers (RA) scattering matrix formalism [6].

The main idea behind the RA approach is a separable

representation of the two-center Green's function

propagator, which leads to great computational ef®-

ciency. The approach yields an accurate expression

analogous to the standard XAFS equation for the

contribution to the XAFS from each MS path ÿ :

�ÿ �E� � S2
0�E�N

jfeff�k�j
kR2

� sin�2kR� 2�c � ��eÿ2R=�eÿ2�2k2

: (2)
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Here, feff(k)�|feff(k)|ei� is the effective curved-wave

scattering amplitude (from which FEFF is named), �c

is the real part of the ®nal state l-wave central-atom

phase shift, k�[2(EÿEF)]1/2 is the wave number mea-

sured from threshold EF, � is the XAFS mean-free

path, � is the r.m.s. ¯uctuation in the effective path

length R�Rpath/2, and S2
0�E� is a factor near unity that

takes into account many-body loss effects.

With the RA approach, we have shown that the

effective scattering amplitude feff can be expressed

accurately as a product of low-order (typically 6�6)

matrices F. For single scattering the result is exact. For

example, for an N-leg path ÿ with scatterers at

R1, R2, . . ., RN we obtain

feff � kR2

�1�2 . . . �N

Tr MFN � � �F2F1: (3)

This formula is analogous to the one from the

PWA, except that the factors are matrices instead of

scattering amplitudes. However, due to curved-wave

effects, the net result differs greatly from the PWA,

even at the highest photoelectron energies (�100 eV).

Here qi�p(RiÿRiÿ1), p�[2(EÿVmt)]
1/2 is the

complex photoelectron momentum measured with

respect to the muf®n-tin zero, Fi is the RA scatter-

ing matrix at site i, and M is the l�1 termination

matrix.

2.2. Path filters

Another computational bottleneck is the number of

paths needed to be calculated, since this number

proliferates exponentially with increasing path length.

To overcome this bottleneck, we have devised an

ef®cient constructive algorithm for enumerating the

most important MS paths in the calculations [2]. In

particular we restricted the number of paths by intro-

ducing `̀ ®lters'' in the path enumeration scheme. We

have found that the majority of MS paths are numeri-

cally insigni®cant or tend to cancel one another due to

random phase incoherence, and that the most impor-

tant paths tend to be linear and triangular. To automate

the path selection procedure, the contribution of a

given MS path was roughly estimated using the PWA,

and only those paths of amplitude larger than a given

cutoff were retained. To speed the calculation, physi-

cally equivalent paths are hash-sorted, and then cal-

culated accurately only once. With such ®lters

typically only a few hundred distinguishable MS paths

ever need to be calculated to yield XAFS accurate to

within experimental accuracy of a few percent.

2.3. Scattering potentials

Another key theoretical development is an ef®cient

and accurate approximation for the scattering poten-

tials. The considerations in constructing such poten-

tials are quite different from ground state electronic

structure or quantum chemistry calculations. Scatter-

ing by electrons of moderate energy depends largely

on the potential and density in the core of an atom,

where the muf®n-tin approximation and spherical

symmetry are both good approximations. Moreover,

the electron density there is well described by a

relativistic overlapped SCF atomic charge density

or Matheiss prescription. Also an automated prescrip-

tion for construction of the muf®n-tin radii is avail-

able. Relativity is needed for the core atomic charge

density but for photoelectron energies of order

1000 eV or less, a non-relativistic scattering descrip-

tion is adequate. Details of the muf®n-tin scattering

potential and scattering phase shifts used in FEFF are

given in [7].

2.4. Self-energy

A crucial difference between ground state electro-

nic structure calculations and XAFS is the need for an

energy dependent `̀ self-energy �(E)''. This quantity

is the analog of the more familiar exchange±correla-

tion potential Vxc in density functional theory. In fact,

we have found that the self-energy is often more

important than self-consistency [7]. FEFF uses an

ef®cient calculation of the complex Hedin±Lundqvist

self-energy, modi®ed to include low-energy electron±

hole losses. This self-energy model builds in inelastic

losses automatically and has been found to give good

agreement for electron mean-free paths at high ener-

gies, as determined by experiment, and thus avoids the

need for ad hoc mean-free path terms. Secondly, the

scattering potential needed is that for the ®nal state in

the presence of a (usually fully relaxed) core-hole, in

accordance with the ®nal state rule. Details of our self-

energy prescription are given in [7].
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2.5. Thermal and configurational disorder

Yet another key theoretical development is the

cumulant expansion for including thermal and con-

®gurational disorder in bond lengths [18]. One of the

least satisfactory aspects of full MS treatments is the

neglect or crude treatment of disorder. However, such

effects can be included straightforwardly in path-by-

path methods. FEFF only treats the mean square

variation �2ÿ (the dominant term) in the net half path

length, and ignores angular variations, which can be

added in ®tting schemes. For small displacements, this

gives a Debye±Waller factor, W � exp�ÿ2�2
ÿk2� for

each MS path. As a rough approximation, the thermal

contributions to the Debye±Waller factor may be

approximated by an isotropic Debye model [19] with

a single parameter ± the Debye-temperature �D ±

which is a useful measure of local bond strength.

As a consequence the MS Debye±Waller factors con-

tribute signi®cantly to the convergence of the MS

expansion. At high temperatures or for large structural

disorder, the Debye±Waller factor is complex valued

and thus affects the XAFS phase. W can be expressed

most simply using the cumulant expansion [18,20],

W�k� � ÿ
X

n

�2ik�n �
�n�

n!

� 2k2�2 � 4

3
ik3��3� ÿ 2

3
k4��4� � � � � (4)

The third cumulant �(3) characterizes the anharmo-

nicity or asymmetry in the pair distribution function. If

not taken into account in the analysis, it causes bond

distances to appear shorter and the wrong temperature

dependence. These corrections can be very important

in disordered materials especially at high temperature

and are often important in catalyst studies.

3. Applications to XAFS, NEXAFS and XANES

Following the introduction of the new theoretical

methods outlined above, complementary MS analysis

techniques have been developed [1]. With such

techniques an analysis well beyond the ®rst coordina-

tion shell is now possible. MS XAFS analysis

packages that make use of the phase and amplitude

data in the FEFF codes have been developed by

several groups. These include, e.g., FEFFIT [9], a

part of the University of Washington analysis package

UWXAFS (version 2), and EXAFSPAK [10], an

analysis package developed at Stanford Synchrotron

Radiation (SSRL).

3.1. Information content in XAFS

The utility of XAFS as a structural analysis tech-

nique depends on an accurate knowledge of the phase

shifts and scattering amplitudes in the XAFS formula.

Presently these are known to suf®cient accuracy to

determine distances to about 0.01 AÊ and coordination

numbers to about �1. To illustrate this, we show in

Fig. 1 the Fourier transform of the XAFS of fcc Pt

metal, phase corrected by the theoretical ®rst shell

XAFS phase, 2�c�� [21]. Note that all peaks in this

transform are centered near the correct crystallo-

graphic near-neighbor distances: 2.78, 3.93, 4.81,

5.56 AÊ , . . ., respectively. Because the XAFS phase

shift is usually dominated by the central-atom con-

tribution 2�c, we argue that the use of such phase-

corrected Fourier transforms can be visually advanta-

geous (i.e., single-scattering peaks will appear shar-

per). This will be true even for disordered systems

with more than one type of atom in the ®rst coordina-

tion shell. However, ®ts are not signi®cantly affected

by the type of transform used. In structural re®ne-

ments, one can assume that feff is insensitive to

small variations in near-neighbor distances. The

number of independent structural parameters that

can be determined by XAFS, is given by a phase-

Fig. 1. Phase-corrected k2 weighted Fourier transform of Pt L3

XAFS calculated by FEFF (dashed lines) and compared to

experiment at 80 K (solid lines).
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space counting argument in signal theory, as discussed

by Kincaid et al. [22], N�(2/�)�k�R, where �k is the

range of the data and �R is the range in the r-space

transform of �(k) covered by a given shell. For

example, for Pt, the number of structural parameters

that can be ®t by data over the k range from 2 to

19 AÊ ÿ1 and the r range [3.5±4.5] of the second shell

and 111 triangle paths is approximately 9, which is

suf®cient to determine distances, amplitudes and a

few angles.

3.2. NEXAFS and XANES

An excellent treatise on NEXAFS is given by Stohr

[23]. As a prototypical example of NEXAFS, we

review the polarization dependence of the diatomic

molecule N2 using high-order MS calculations [7].

This calculation provides a strong test of MS theories

because of the short bond length and strong low-

energy scattering in low-Z atoms. A primary goal

of our original study was to understand the �* shape

resonances [23], which are of much interest in surface

and catalyst studies since their peak locations in

energy are correlated with bond length [24]. Indeed,

we have shown that the shape resonances in O2 and N2

can be explained quite simply by successive MS

contributions from repeated bounces between the

two scattering sites. Here, we only illustrate these

results, together with their polarization dependence.

By taking advantage of the p-wave `̀ search-light''

effect, polarization can be used to determine the

orientation of a molecule on a surface, as well as

its bond distance, as shown in Fig. 2 for N2. We found

that the large backscattering amplitude and the coher-

ence of the MS phases control the resonance, and give

a generalization of the Natoli rule [24] relating peak

position with bond length. In particular, we ®nd that

the local momentum (de®ned relative to Vmt) at the

peak is

p � m�ÿ��

R
; (5)

where R is the near-neighbor bond length and �� is

the difference in the XAFS phase between n and n�1

backscatterings [7]. We have found that this formula

also explains well the variation with peak position and

bond length in C2H2, C2H4, and C2H6 [23]. However,

in materials with more than one strong bond (e.g.,

graphite), the results are more dif®cult to interpret. We

have also found that the height of the shape resonances

is sensitive to temperature, due to the strong expo-

nential decay of high-order terms, which vary as

exp[ÿn2�2p2/2]. This illustrates how the Debye±

Waller factors can control the convergence of the

MS series.

3.3. XANES

`̀ White lines'' are striking features in XANES

which are due to strong peaks in the unoccupied

densities of states near threshold. Since its near edge

has a strong white line just above threshold [2], Pt

metal provides an important test case for XANES

calculations. We use the analogous term `̀ black line''

to describe the corresponding dip in intensity at the

edge seen in many other spectra, e.g., Cu K-shell

XANES. As in XAFS, the XANES spectra can be

obtained from the relation ���0(1��), where �0 is

the background absorption and � the polarization

averaged XAFS. We have found that the theoretical

XANES structure are in reasonable agreement with

the experiment. In particular the white line is ade-

quately reproduced by the theory [2]. Moreover, the

theory correctly accounts for all the peaks in the

experimental spectrum, except for slight errors in peak

locations and amplitudes. Strikingly, we have found

that the presence of a core-hole is a crucial ingredient

in the calculations, in agreement with the ®nal state

rule. The non-monotonic behavior in �0(E) beyond the

white line also illustrates the importance of atomic-

XAFS [14].

Fig. 2. �* shape resonance and NEXAFS structure in N2 vs.

polarization angle with respect to the molecular axis from FEFF6:

08 (solid), 308 (dashes), 608 (short dashes), and 908 (dots).
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4. Applications to catalysis studies

The importance of XAFS in catalysis studies has

been recognized for many years [25]. For modern

examples, see the comprehensive series of reviews

in [3] or the section on catalysis in the Proceedings of

the International Conference on XAFS and XANES

[1], and references therein. Since XAFS is well suited

for studies of dilute and highly disordered materials,

the method is an excellent approach for the study of

practical, highly dispersed catalysts and their mor-

phology, as well as metal-support interactions [26]. It

has been shown, e.g., that the XAFS is quite sensitive

to the size dependence of small metal clusters and

coordination numbers can be used to quantify cluster

size and shape [26]. Larger clusters naturally exhibit

sharper XAFS features (i.e., higher frequency com-

ponents) due to the presence of longer paths. More-

over, it has recently been shown, using both the FEFF6

[2] and CONTINUUM [16] codes, that the near-edge

structure is also sensitive to cluster size [27]. The

effects of oxidation and reduction are also visible, e.g.,

through the comparison of the number of metal±metal

and metal±oxygen bonds, although it is still dif®cult to

quantify charge transfer precisely. Thus with the

modern theoretical codes and analysis tools now in

hand, XAFS studies are providing increasingly more

accurate detail concerning the structure and nature of

catalysts.

5. Conclusions

The FEFF codes now make possible a general high-

order polarized-MS treatment of XAFS, NEXAFS and

XANES. Accurate automated scattering potentials,

self-energies and Debye±Waller factors are essential

for the success of these codes. The accuracy of our MS

calculations permits more de®nitive conclusions con-

cerning interatomic distances and disorder than had

previously been possible with the XAFS technique.

We ®nd that a purely single-scattering interpretation

XAFS Fourier transform is not reliable; MS contribu-

tions can dominate shadowing paths and are crucial at

large distances. For the near edge, MS contributions

are essential and even NEXAFS features, such as

continuum �* shape resonances and XANES features

such as white lines are often well described by a high-

order MS theory. However the remaining discrepancy

between calculated and experimental XANES and

NEXAFS amplitudes suggest that further improve-

ments are needed for edge calculations. The accuracy

of distances obtained with our codes is usually better

than 0.02 AÊ . Indeed, in another work [28], it has been

found that the improved phase shifts used in FEFF

have eliminated the discrepancies in distance deter-

minations between SEXAFS and other spectroscopies

such as LEED and XPS. The correlated-Debye model

is found to be a useful ®rst approximation to vibra-

tional amplitudes and displacement±displacement

correlations. The MS contributions to XAFS can be

understood quantitatively in terms of a relatively small

number (typically of order 100) paths. Single-scatter-

ing, triangle, and linear or near-linear paths and path

groups are found to be the most important. Moreover,

because of the strong interference and coherence

between paths within a path group (i.e., a set of paths

with closely similar geometry and path lengths), a

group of paths can have more or less importance than

any individual path within the group. Thus, MS

EXAFS calculations can now be considered as well

understood.
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